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Introduction

The problem

We want to compute the derivative of a function f at a point x;

ey f(xi 4 h) = f(x;)
llinof (xi) = h

However f is not known explicitly but

1. by its values on a discrete set (for sufficiently close points so derivative makes sense)

2. by an algorithm or formula that (at least theoretically) allows to compute it at each point.

We will look for an approximation of this derivative number and try to get an error estimate )

Numerical differentiation allows us to find an estimate of the derivative by only using the
values of f at a finite number of points.
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1. Numerical differentiation
Taylor expansion
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Derivation by Taylor approximation

Taylor-Young formula (1st order)

If f is of class C2 in [xi, Xi+1]

s+ 1) = £+ 47 0) + 128 e )

f(X,' —+ h) —
h

= F(x) = 103) 4 o(h)

The discretization error is O(h), it is first order accurate

Remark: we can also derive f/(x;) = M + O(h)
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Derivation by Taylor approximation

Rounding-error

fI(f(xi + h) = F(x)) = (F(xi + h) = F(0)) (L + ), [el <

f(xi + h) —f(x) hM  2p
F(x;) — i <=4 M= F
(xi) ( Y = ol e €3]

=

If his chosen too small, the error grows as O(h™1) | (see exercise 1st session)

Optimal step size - forward difference

The optimal step size is the minimum of E(h) = 1M 4 27" h=2,/%
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1. Numerical differentiation

Derivation by interpolation
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Derivation by interpolation

In the sequel, we assume that f is known or can be evaluated at the points ..., x;_2, x;_1, X;,
Xi+1, Xi+2, - - - that we assume to be close and we denote by h; = xj4+1 — X;. ’

To obtain an approximation of f'(x;) :

® we approximate f in a neighborhood of x; by a function which is “simple” to derive
® to this end, we will use an interpolation polynomial near x; !

® and finally the obtained formulas will differ with respect to the number of points chosen
to write the interpolation polynomial (generally 2 or 3)
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Derivation by interpolation

Two-points formulas

if one uses the interpolation polynomial for the two points x;, xj11 :
P(x) = f(xi) + f[xi, xi+1](x — xi)

we then have P'(x;) = f[x;, xi+1], leading to

Right decentered formula

| A\

f(xit1) — f(xi)

Xi41 — Xj

f'(x;) ~
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Derivation by interpolation
Two-points formulas

if one uses the interpolation polynomial for the two points x;_1, X; :

P(x) = f(xi—1) + f[xi—1, xi](x — x;—1)

we then have P'(x;) = f[x;_1, xi]

Left decentered formula
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Derivation by interpolation
Three-points formulas

if one uses the interpolation polynomial for the three points x;_1, Xj, Xj+1 :

P(X) = f(X,',l) + f[X,',l,X,'](X — X,',l) + f[X,',l,X,'7X,'+1](X — X,',l)(X — X,')

we then have
P'(x:) = fxi—1, xi] + Fxi—1, Xi Xit1)(Xi — Xi—1)

leading to

Centered formula

h,'_l hi
(%) = F(xi41) T + F(x; - =) = fi) ————
(X) (X+1) h,'(h,;l 4= h,') + (X) (h,‘l h,' > (X 1)hifl(hi—l + hi)
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Derivation by interpolation

Centered formula for equispaced points

For equispaced points i.e. h;_1; = h; = h, the centered formula simplifies

F(x;) ~ f(Xf+1)2—hf(Xi1)

® The above formula is nothing else than the mean of the two previous decentered formula
in the case of equispaced points.
® More generally if Pa(x) = > "4 f(x;) Lj(x), we have P} (x;)) = >4 f(x;) Lj(xi)

j=0
— in principle, we can improve the approximation with a higher degree polynomial
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Error estimates

e By definition of the derivative, the right/left decentered formula tend towards f’(x;), and
we have seen by Taylor-Young formula that they are first order accurate

If fis C3 on [x;_1,X;+1], then we have in the case of equispaced points h;_; = h; = h

2 3)
f(xiv1) = F(x;) + hf'(x;) + %f”(xi) + f6(§)h3

Flsios) = Flo) — () + ) — T

with & € [x;, xi41]

h®  with n € [xi—1, xi]

so we can prove that

Error estimates - centered formula - equispaced points

Flxii1) — Fxi1)| M
f'(x;) — (X+1)2h (xi-1) §T3h2, Ms= max fO)(x)

XE[Xi—1,Xi41]
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1. Numerical differentiation

Error estimates
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Error estimates

General case with n points: a < xg<x3 <---<x,<b

If Po(x) =>"7_o f(xk)Lk(x), the polynomial interpolation error is

n+1)
E(x) = F(x) — Pal) = (,,+f)H x=x). &€ lab

For the derivative at x;, we have P/ (x;) = >";_o f(xk) L, (x;) and

(n+1) n
E'(x;) =f'(x) — Pi(x:) = w H (xi — xx)
Ck=0.k£i

Remarks:
® An approximation with n+ 1 points has an error O(h")
® The approximation is exact for polynomials of degree < n

® Centered formulas lead a lower error constant 1670



1. Numerical differentiation

Higher-order derivatives
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Higher-order derivatives

® we use the same principle: we approximate f by an interpolation polynomial near x;

® we must take care about the fact that the degree of the interpolation and the number of
points must be large enough so that its n-th derivative is not zero!

e for example, for the second-order derivative, we need three points which in general are
Xi—1, Xi, Xj+1, leading to

Second-order derivative - equispaced points
- f(X,'_l) = 2f(X;) aF f(X,'+1)

f” (Xi)

h2

Exercise: Derive the formula using the interpolating polynomial
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Error estimates - second-order derivative - equispaced points

Now, if f is C* on [x;_1, X;+1], then we have

h? 3 (x £
f(xip1) = f(x;) + hf'(x;) + ?f"(x,-) +h 6(X) + 225) h*  textwith ¢ € [x;,xi11]
h2 O (x; £(4)
Fxi-1) = Fx) = hF (%) + - £"(x) = b’ 6(X) + 25’7) Wt with 7€ [x_1,x]

and hence

Error estimates - centered formula - equispaced points
f(X,'_l) = 2f(X,') + f(X,'+1) < My

' (x;) — R, My= max f®(x)

h2 - E XE[X,',X,'+1]

Remark: the general theory may also be developed.
® A k-th derivative requires k + 1 points, and will have O(h) or O(h?) error (with
symmetry)

® FEach extra points can improve the order by one
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1. Numerical differentiation

Application - finite difference scheme
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An example of application: finite difference schemes

Consider the one-dimensional boundary-value problem

{ —u'(x)=f(x) 0<x<1
u(0)=u(1)=0

® we show that if f is continuous on [0, 1] then this problem admits a unique solution
u € C%([0,1))

® the finite difference method consists in computing an approximate solution at the points
X1,...,Xp for a given subdivision of the interval [0, 1]

® to simplify, we assume that we have a uniform subdivision

xi=ih forall0<i<n+1 with h=

n+1
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An example of application: finite difference schemes

® hence if we set u; as the approximate value of u(x;) at point x;, we are led to determine
the vector
up = (u1,...,up)

® since we have —u”(x;) = f(x;), for any 1 </ < n, if one replaces u”(x;) by

Xi—1) — 2u(x;) + u(Xi41)
h2

U”(X,‘) ~ U(

then the vector up, is solution to the linear system

—uj—1 +2uj — Uj41

12 =f V1<i<n

with f; = f(x;) and up = u(0) =0, up41 = u(1) = 0 to satisfy the boundary conditions
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An example of application: finite difference schemes

® then we solve the linear system

1
pAuh:fh
where f, = (f1,...,f,) and
2 -1 0 0 ]
-1 2 -1
A= 0
; 0
: i - =1
0 - v 0 -1 2 |

® we can check that A is a symmetric definite-positive tridiagonal matrix

® the system admits one and only one solution
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Introduction

Being given a continuous function f : [a, b] — R, we try to compute the integral

- /ab F(x)dx

Once again, we do not want to compute exactly the value of this integral but only an
approximate value /,5, with an a priori given accuracy € i.e. such that

[l — lpp| < €
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we need to use numerical integration when
® we do not know the explicit form of the primitives of f : examples
2 ex 1
f(x)=e* f(x)=—, f(x)=—
(=, F0=S, )=

® the function f is only known at some points xp, . . ., Xn,

® the function f is known by a complex algorithm that provides its value at any point.

Basic principle

® Once again, we “replace” the function f by a close enough function for which computing
its primitive is quite easy — polynomial interpolation

® However, we must be careful with the polynomial interpolation (why ?)

® This is why we will privilege a piecewise polynomial approximation
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Description of the principle

® we subdivise the interval [a, b] in some smaller intervals a=xp < x1 < --- < xy = b
® By linearity we have

b N-1 .
/a f(x)dx:iZ(:) /X; f(x)dx

Hence, we are led to compute some integrals for which the length of the integration
interval is relatively small.
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Change of variable

® for each integral, the following change of variable

~ (Xig1 = xi)s + (xi +xip1)  his 4 (X 4 Xit1)
- 2 - 2

Xit1 h; 1
/ f(x)dx = 2/ gi(s)ds
Xj -1

1

with  h; = xj11 — X;

yields

setting

gi(s)=f <h"5 i (X;“L X"“)) Vs € [-1,1]

® Therefore, we focus on the approximation of integrals on the reference interval [—1,1]
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2. Numerical integration
Building quadrature formulas over [-1,1]
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Interpolating the integrand over [-1,1]

® Being given n points (sj)1<j<n, n > 0in [-1,1], we approximate the function g by the
interpolation polynomial of degree < (n— 1) at points (sj, g(sj))1<j<n

si—s
k=L kzj 7k

n . n s— s
g(s) =Y gls)Li(s) with Li(s)= ]
j=1
® As a consequence, we have

1 1 n n 1 n
[ et [ 3 st =3 ats) [ | sk =3 wats)

j=t
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Interpolating the integrand over [-1,1]

® \We have obtained

1 n 1
/ g(s)ds ~ Z wig(sj) with w; = / Li(s)ds
1 : -1
j=1

® if g is a polynomial of degree < n — 1 then it coincides with its interpolation polynomial
and the formula is exact.

® We have > 7, wj = 2 (because >, L;(s) = 1, can you guess why ?)
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Quadrature formula - definition

1 n
® the formula / g(s)ds ~ Z w;g(s;) is called elementary quadrature formula with n stages
—1 2
Jj=1

® the (s;) are the nodes of the quadrature formula and the (w;) are the weights
® By linearity, the formula

/a dXNZ/X’H dX—Z / (hs—i— x,+X,+1)> ds

leads composite quadrature formulas
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Quadrature formula

® Composite formulas can be obtained directly by replacing f by its piecewise interpolant

® The interest of coming back to a fixed interval [—1,1] is to allow a unified treatment that
is independent of the interval [x;, xj1]

® In particular, it shows that the weights (w;) do not depend on / !

We will now derive various quadrature rules thanks to interpolation
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2. Numerical integration

Examples
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® the left rectangle formula (Oth order polynomial with xo = —1)

| ety = 2(-1)

Composite rule

b N—-1
/ f(x)dx ~ Z hif(x;)
e i=0

® the right rectangles formula (Oth order polynomial with xo = 1)

1
/ g(t)dt ~2g(1)

Composite rule
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¢ the midpoint formula (Oth order polynomial with xo = 0)

1
| ety =260)
Composite rule

b A=, Xi + Xi+1
/ f(x)dx ~ Z hif s
a

i=0
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® the trapezoidal formula (1st order polynomial with xop = —1,x3 = 1)

R e

Composite rule

b = h P
[ = 2r(a) + Y % () + Floxs)) + (D)
a i=1

and for a regular (uniformly distributed) subdivision

b 1 1
/ f(x)dx ~ h [2f(a) + Z f(xi) + 5f(b)
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® the Simpson’s quadrature rule (2nd order polynomial with xo = —1,x3 = 0,x = 1)

1
[ e0d=2(Ga-1+ e+ o)

-1

Composite rule, regular subdivision

b
h
f(x)dx ~ —
/a(x)x 5

N—-1 N-1
fa)+2 Flxi)+ F(b)+4> f <X+2X“)]

i=1 i=0
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[llustrative summary

1.5 15
1 1
0.5 05
0 02 04 06 08 1 0 02 04 068 08 1
X X

Figure 15.1. Area under the curve. Top left (cvan): for f(x) that stays nonnegative, Iy
equals the area under the function’s curve. Bottom left (green): approximation by the trapezoidal
rule. Top right (pink): approximation by the Simpson rule. Bottom right (vellow): approximation by
the midpoint rule.

Exercise: derive the weights of these rules by integrating (by hand) Lagrange polynomialsy -,



Examples: higher-order formulas

The Newton-Cotes formulas

More generally, if we choose equidistant nodes (x;) in the quadrature formulas (n > 1)

UG-1)
(n—1)’

the quadrature formulae (x;, wj)1<j<n are called (closed) Newton-Cotes formulae.

xj=—-1+2 1<j<n
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Examples: higher-order formulas

The Newton-Cotes formulas

n w; name
1 1 .

2] 3 5 trapezoidal
1 4 1 .

3| 5 5 5 Simpson
1 3 3 1

4 g g g 8 NeWton
7 32 12 32 7
90 20 ) 90 90 BOOIe

6|10 75 50 50 75 10 ;
288 288 288 288 288 288
41 216 27 272 27 216 41

7| gio 80 80 840 840 840 o | Vveddle
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Examples: higher-order formulas
The Newton-Cotes formulas

e for n (n > 10) large, the weigths (w;) explode and the signs are mixed which implies that
the formulae are very sensitive to round-off errors

® some coefficients start to be such that w; <0 for n > 9

® this implies that the Newton-Cotes formulas are used for n < 8

we can similarly build some elementary quadrature formulas with some equidistant nodes on
[—1,1], but excluding the endpoints —1 and 1. For example

2 —1
x=-1+2 "= vi<j<n
n

Such formulas are called (open) Newton-Cotes formulas (like for example the midpoint rule)
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2. Numerical integration

Order of accuracy
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Order of accuracy of elementary quadrature

Definition

We say that a n stages elementary quadrature formula (xj, wj)1<j<n is of order p if the
integration formula is exact for any polynomial of degree less or equal to p — 1

By construction, a n stages elementary quadrature formula is at least of order n

44 /74

1 n
/1 g(s)ds =Y wg(x) VgeR,1[X]
=




Order of accuracy of elementary quadrature

A n stages elementary integration formula (wj, xj)1<j<n is of order p if and only if

n 2

= if

voéqu_]w ZM/Jqu: q+1 1 q even
Jj=1 0 if g odd
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Deriving quadrature rules - another point of view

By fixing n distinct nodes xi, ..., x, and considering an order p = n, a necessary and sufficient
condition to satisfy the previous theorem is to solve the following linear system

1 1 -1 w1 1
Xl X2 ... Xn W2 O
X2 X2 tee X2 w: :
1 2 n 3 =2 3
n.fl n;l . n.—l ' 1-(=1)"t
Xy X5 X/ Wy (i)

This is a Vandermonde matrix which is invertible. This system gives us a quadrature formula
of order p > n. We can then find again the previous quadrature formulas.
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Let try n = 3 with the points x; = =1, xo =0 and x3 =1

One gets the system

1 11 wi 2
-1 01 wr | =1 0
1 01 ws 2
Its solution gives
1 4 1
W1:§, W2:§, W3:§

We find the Simpson’s formula

1
[ a0 =2(Ge(-1)+ ga0) + o)
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Simpson's formula: checking our result I

.q:o
1 4 1 !
2(Zx14+4-x14+=-x1)=2= 0
<6>< +6>< +6><) /_1tdt
.q:]_
1 1, 4 1, 1 1 ! 1
2({=x(-1)"+=-x(0)"+=-x(1)")=0= thdt
6 6 6 1
.q:2

6 6 3

As expected the Simpson's formula is at least of order 3

2(1x(—1)2+ix(0)2+%x(1)2) g=/_11t2dt
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Simpson's formula: checking our result I

But we can also remark that
[ ] q e 3

° q:4
2<%x(_1)4+%><(0)4+%x(1)4):%;&%:/1 tdt

Then the Simpson's formula is of order 4
This is a consequence of a general property for symmetrical elementary quadrature formulas.
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Definition

An elementary quadrature formula (wj, xj)1<j<n is called symmetrical if and only if

Xj = —Xpy1—j Wj=Wpy1—; V1<j<n

A symmetrical quadrature formula has always an even order. In other words if the formula is
exact for polynomials of degree < 2m — 1 then it is automatically also exact for polynomials of
order < 2m

® The midpoint (n = 1) and trapezoidal (n = 2) rules are of second order

® Simpson's rule is of order 4 (n = 3)

® The Newton-Cotes are symmetrical, so choosing n odd increases the order by one “for
free"”
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2. Numerical integration

Study of the error
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Brief study of the error

We now want to study the error related to the elementary quadrature formula
b n
E(g) = / g(x)dx =Y wiglx), a=-1,b=1
a _/:1

b
:/ glxi, %2, oy Xn x] (X — x1) (x — x2) -+ (x — xp) dx.

with ¢n(X) = (X - Xl) (X - X2) T (X - Xn)'
Here we distinguish two cases:

® 4, has constant sign over [a, b] — mean value theorem

b
° fa Yn(x)dx =0 — we use g [x1, ..., Xn, X] = g [x1, -y Xny Xnt1] + (Xnt1 — X)& [X1y -« s Xny Xnt1, X]
and redo as above with 1,1

Finally, we obtain estimates by integrating fab Yn(x)dx
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Error estimates - Composite quadrature rules

® midpoint formula (order 2)

b— a)
< 2( "
E(f,h) <h o7 Xrg[i)z] | (x)]

® trapezoidal rule (order 2)

b— a)
Erhy < 8= f

® Simpson’s formula (order 4)

b— a)
E(f, h) < h4(7 £
(F.h) < b ggo max) IF ()l
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Error estimates - Remark

® to increase the approximation order, we can add some distinct nodes n

® however, this also increases the computational cost of the method. Indeed, each interval
requires n evaluations of the function

Can we choose the nodes (x;) so that the approximation order is higher ?
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2. Numerical integration

Higher-order quadrature
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Towards high-order quadrature

We fix the number of nodes n. If one fixes some distinct nodes (x;), there exists a unique
quadrature formula of order p > n

Let (wj, Xj)1<j<n be an elementary quadrature formula of order p and let

n

M(x) = [ x— ).

=1

Then, the order is higher or equal to n + m iff

/_1 M(x)g(x)dx =0, V ge R,_1[X]
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n = 3 stages high-order quadrature formula I

® to get a n = 3 stages formula of order > 3, we require that

0 = /(X—xl)(x—x2)(x—X3)ldx

-1

1
— / x3— (a+x+ X3)x2 + (x1x2 + x1x3 + X2X3)X — X1 X0x30X
~1

2
= —§(X1 =+ xo + X3) — 2X1XX3

® |et us now keep on studying the n = 3 stages quadrature formula and try to determine xy,
X, x3 to get an order > 6

® redo the previous step with g(x) = x and g(x) = x? to find 2 new equations
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n = 3 stages high-order quadrature formula I

® From the Theorem, it is necessary and sufficient to get

—3(x1 4+ x2 + Xx3) — x1x0x3 = 0
% + %(X1X2-+'X1X3-+'X2X3) =0
—2(x1 +x2 + x3) — x1x0x3 =0
By setting 01 = x1 + xo + x3, 02 = x1x2 + X1X3 + X2X3, 03 = X1 X20X3, We get
%O’l +03=0
=+ %(72 =0
501+ %03 =0

® the solution to this system gives
3
o1 =0, azz—g, o3=20
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n = 3 stages high-order quadrature formula I

® now, we have

M(x) = (x — x1)(x — x2)(x — x3) = x> — 01X + 02X — 03

M(x):x(xz—g):x<x—\/§> <X+ g)
X1:—\/§, xp =0 X3:\/§

® hence

® As a consequence
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n = 3 stages high-order quadrature formula I

® we get the weights (w;) by solving the linear system

|
GIUW ANW | =
o O =
GIlw AW | =
A/~
553
v

I

N
//
W= O =
v

® and then 5 8

® we then have obtained a quadrature formula of order p = 6 with only n = 3 stages!

/_11 glx)dx =2 (158 < \/§> - 188g(0) + 158g (\/§>>

60 /74



Towards high-order quadrature

Can we still do better?

If pis the order of a n stages elementary quadrature formula, then we necessarily have

p<2n
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Towards high-order quadrature

How to build an elementary quadrature formula of order 2n for n > 47

® it is possible to do some similar computations as in the previous example

® nevertheless, the calculations involving M(x) = H(x — Xj) are quite complex ...
j=1
® but the theorem remains valid for any polynomial M of degree n

® the idea is then to consider a well-chosen polynomial M
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Towards high-order quadrature

We then search for a polynomial M such that
® M is of degree = n

® M has n distincts roots (xj)1<j<n, all being required to lie in [—1,1]
1
o / M(x)g(x)dx =0, for any g € R,_1[X]
-1

Hence, by determining the n roots (xj)1<j<n, Next by computing the n weights (w;)1<j<n by
solving the linear system, we will get an elementary quadrature formula of order 2n.
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Towards high-order quadrature

we can remark that the relations

1
/ MOOg(c)d =0, Vg € RoalX] ()

are orthogonality relations.
Indeed

1
(P, Q) = /1 P(x) Q(x)dx

is an inner product on the vectorial space of real-valued polynomials and the relations (%)
means that M € R} ,[X]

Therefore, it seems natural to use the orthogonal Legendre polynomials Py
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Another view on orthogonal Legendre polynomials

Let kK € N*. The polynomial Py defined by

k

is a polynomial of degree k such that

1
/_ PDE()de =0, ¥ g € Ria[X]

® the polynomials Py are orthogonal

® the P, are called orthogonal Legendre polynomials

¢ the (normalization) constant is chosen such that Py (1) =1
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Another view on orthogonal Legendre polynomials

The Legendre polynomials satisfy

(k T l)Pk+1 = (2/( T l)Pk —kPr_1, Vk>1

The first Legendre polynomials are

Po(t) =1, Ps(t) = 3¢> - 3t
Pi(t) =t, Py(t) =214 — 3042 4 3
Py(t)=3t2 -3 Ps(t) =25 - 23 + B¢
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Another view on orthogonal Legendre polynomials

To be able to use these polynomials to build some quadrature formulas, we need some
informations on their roots that will play the role of the nodes for the quadrature formula

Let kK € N*. All the roots of Py are real, simple and are in | — 1,1].
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Gauss quadrature

We can now build some n stages elementary quadrature formulas of order 2n by using
M(t) = P, as the Legendre polynomial of degree n.

Theorem (Gauss)

For any n € N*, there exists a unique n stages elementary quadrature formula of order 2n. It is
defined by

® the nodes (xj)1<j<n are the n distinct roots of P,

® the weights (w;)1<j<n are obtained by solving a linear system
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Gauss quadrature

® n—1- order 2

midpoint formula

® n—2-order4

® n—3-order6
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Gauss quadrature

® n—4 - order 8

1
/ g(t)dt ~ 2 (ag(—d) +d'g (=¢') +d'g (&) + ag (—9))

-1
5= 15+ 2v/30 5 — 15 — 2¢/30
B 3% B 35
V30, 1 V30
727 72

with
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2. Numerical integration

Computational cost
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Computational cost of a numerical quadrature

® the cost is essentially related to the number of evaluations of the function f

® for example, for a 2-points Gauss quadrature, to get an approximation of

Xi+1
/ f(x)dx,

requires two evaluations of f, that is a total of 2/ evaluations of f.

® more generally, for a s points Gauss quadrature, it needs s evaluations of f.
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Computational cost of a numerical quadrature

® for the Simpson’s rule, one gets

i1 1 4 Xi + Xj 1
/X,- f(x)dx:h<3f(x,-)+3f< 5 +1)+3f(x,-+1))

so a priori 3 evaluations of f

® but for the following approximation
Xi+2 1 4 X —|— Xj 1
/Xf+1 f(x)dx =~ h (3f(x,-+1) + §f (H2+2> + 3f(x,-+2)>

we only need two evaluations of f! (if the method has been correctly hard coded!)
® for Simpson, the number of evaluations of f is then 2N + 1

® more generally, for a s points Newton-Cotes formula, we need (s — 1)N + 1 evaluations.
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Summary of the contents

Numerical differentiation :
1. Interpolation allows to approximate derivatives at the discrete level

2. It allows to solve boundary value problem by differentiation matrices
3. These methods are subjected to round-off errors
Numerical integration :
1. Basic quadrature rules are built from Lagrange interpolation with equidistant points
2. A quadrature rule is defined by nodes and weights (x;, w;) over [—1,1]

3. Higher order quadrature rules can be obtained thanks to orthogonal polynomials. One
example is Gauss-Legendre quadrature, but they are many such quadrature rules !
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